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Self-Similar Liquid Lens Coalescence
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A basic feature of liquid drops is that they can merge upon contact to form a larger drop. In spite of its
importance to various applications, drop coalescence on prewetted substrates has received little attention.
Here, we experimentally and theoretically reveal the dynamics of drop coalescence on a thick layer of a low
viscosity liquid. It is shown that these so-called “liquid lenses” merge by the self-similar vertical growth of
a bridge connecting the two lenses. Using a slender analysis, we derive similarity solutions corresponding
to the viscous and inertial limits. Excellent agreement is found with the experiments without any adjustable
parameters, capturing both the spatial and temporal structures of the flow during coalescence. Finally, we
consider the crossover between the two regimes and show that all data of different lens viscosities collapse
on a single curve capturing the full range of the coalescence dynamics.
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The coalescence of liquid drops is an important part of
many industrial processes, such as inkjet printing and
lithography [1,2]. It is also ubiquitously observed in nature,
for example, in the formation of rain drops and the self-
cleaning of plant leaves [3-5]. Coalescence, therefore, has
been the focus of many studies, primarily for spherical
drops [6-10], but also for drops on a solid substrate
[11-15]. In contrast, little work exists on the coalescence
of drops on liquid substrates [16,17], despite its importance
for emerging applications such as fog harvesting [18,19],
anti-icing [20], wet-on-wet printing [21], enhanced oil
recovery [22,23], emulsions [24-26], and wetting of
lubricant-impregnated surfaces [27].

The dynamics of coalescence are strongly affected by the
geometry of the drops. Drops on a solid substrate (spherical
caps, [11-15]) merge differently than freely suspended
drops (axisymmetric spheres, [6—10]), with different scal-
ing exponents for the growth of the bridge between the
drops. This is in contrast to the coalescence of drops
floating on a liquid substrate [Fig. 1(a)]; such drops are
referred to as “liquid lenses™ [28,29]. For coalescing lenses,
the growth of the bridge width based on a top-view
experiment was found similar to that of axisymmetric
drops [16], which is surprising since, geometrically, liquid
lenses are spherical caps.

In this Letter, we study the coalescence dynamics of
liquid lenses in terms of the vertical bridge growth h(7)
[defined in Fig. 1(a)] and reveal a strong departure from the
coalescence of axisymmetric drops. We first experimentally
establish the initial dynamics of coalescence of drops of
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varying viscosity from the side-view perspective, identify-
ing two distinct regimes—one dominated by viscosity and
the other by inertia. Subsequently, we develop a fully
quantitative slender description for each of these regimes
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FIG. 1. (a) Schematic view of two coalescing liquid lenses

connected by a bridge of height /(). The lenses float on a pool
with a depth that is much larger than the size of the lenses. The
zoomed region shows a typical snapshot of the bridge region.
(b) Measurements of the bridge height /4 as a function of time ¢
for several viscosities. Two distinct power laws are identified.
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FIG. 2. Coalescence in the viscous regime. (a) Height of the bridge /4, as a function of time after contact ¢ (mineral oil lenses, § = 33°,
n = 115487 mPa - s, initial height 0.5 mm). The solid line is the prediction from (6). The error bars are only shown for one in every ten
datapoints for clarity. The horizontal dashed line indicates the resolution limit. (b) Rescaled experimental profiles at different times,
H = h(x,t)/hy(t) versus & = x8/hy(t). The collapse of the profiles indicates self-similar dynamics. The solid line is the similarity
solution obtained from (4), (5). (c) Rescaled velocity profile. The solid line is the similarity solution. The colored lines are numerical

simulations for different values of %y/R.

based on the self-similar nature of coalescence. In the spirit
of recent work on spherical drops [10,30], we identify the
master curve for all data, including the crossover between
the two regimes. Unlike for any other coalescence problem,
however, the master curve here is obtained without any
adjustable parameter.

Coalescence dynamics.—Two small drops are placed on
a deionized water surface (MilliQ, Millipore Corporation)
kept in a large container. The lenses consist of mineral oils
(RTM series, Paragon Scientific Ltd.), with viscosities
between n = 18 mPa - s and 115 Pa - s and surface tension
y =34 mN-m~! (measured by the pendant drop method
[31]). Additionally, we use dodecane lenses (Sigma-
Aldrich, 7=1.36 mPa-s, y = 25 mN - m~!). These liquids
float on the water surface since their densities (p =
850 kg - m~ for mineral oil and p = 750 kg -m™ for
dodecane) are lower than the density of water (p =
997 kg - m™3). Both liquids have a negative spreading
parameter and thus form lenses with small but finite contact
angles @ = 26°-37° [29]. Since the contact angle of the oil-
water interface is within 5° of the aforementioned values,
we regard the lenses as being top-down symmetric.

We image the coalescing lenses from the side using a
high-speed camera (Photron Nova S12) equipped with a
microscopic lens (Navitar 12X zoom lens). In order to
obtain a sharp image of the oil-air interface of the liquid
lens, the container of the pool is filled such that a convex
meniscus forms at the edges of the container. Frame rates
between 250 and 100000 frames/s are used depending on
the timescale of coalescence, with resolutions in the range
of 5.3 um/pixel. A typical snapshot of the bridge region is
shown in the zoomed region in Fig. 1(a).

The experiment is performed as follows: two pendant
drops with volume V = 2.5 uL are formed on two identical
blunt-ended metal needles using a syringe pump (we have

verified that drop size does not affect the initial coalescence
dynamics, as we will show below). Using a linear trans-
lation stage, the drops are gently brought into contact with
the water pool and subsequently form lenses of radius
R ~ 2.5 mm. The lenses are left to equilibrate for a moment
before the syringes are gently removed. Capillary inter-
actions drive the lenses toward each other and they coalesce
upon first contact. We define ¢ = 0 as the first frame where
the bridge connecting the two lenses is visible and 42 = 0 at
the surface of the pool. The velocity of the approaching
lenses is orders of magnitude smaller than the velocity of
the bridge growth.

The experiments reveal that the coalescence of liquid
lenses is governed by a self-similar power-law growth of
the bridge that connects the two drops. Figure 1(b) shows
the minimum bridge height A, as a function of time after
contact ¢ for coalescing lenses of different viscosities. We
clearly distinguish two regimes: a nonlinear regime for
small viscosities where 4y  1>/3, and a linear regime where
ho o t for high viscosities. These exponents are typical for
pinch-off and coalescence of spherical caps on a solid
substrate, though the prefactors are different; lens coales-
cence is much faster as will be discussed more quantita-
tively below [14,15,32,33]. These growth dynamics,
however, are different from those of spherical drops and
of those observed for lenses in top view [16]. To further
investigate this, we now first focus on the case of viscous
coalescence. Figure 2(a) shows the temporal evolution of
the bridge, which grows at constant velocity. The bridge
velocity decreases when s, becomes of the order of the lens
size, due to the finite height (0.5 mm) of the lens. The
spatial structure of coalescence is revealed in Fig. 2(b),
where we compare the shape of the bridge at various times.
We scale the horizontal and vertical coordinates by /g,
which is presumably the only relevant length scale in the
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problem, and observe an excellent collapse of the data. This
implies that the bridge growth exhibits self-similar dynam-
ics, that we now set out to describe analytically.

Viscous and inertial similarity solutions.—The main
assumptions of our analysis are that (i) the flow during
the initial stage of coalescence is predominantly parallel to
the xz plane (rendering the problem two-dimensional,
following, e.g., [11,12,14]) and (ii) the limiting mechanism
for coalescence is the flow inside the drops (i.e., negligible
flow inside the sub-phase, which in all but one experiment
is at least one order of magnitude less viscous than the
drop). Then, we can make use of the slender geometry of
the system and use the thin-sheet equations [34-36],

e+ (uh), = 0, (1)

) = v+
which represent mass conservation and momentum conser-
vation, respectively. Here, h(x, ) is the shape of the bridge
[Fig. 1(a)], u(x, ) is the horizontal velocity of the liquid
inside the lenses (which is a plug flow to leading order in the
slender approximation). The shape of the lens is assumed to
be top-down symmetric, with uncertainty owing to the weak
differences in surface tensions estimated to be less than 10%
(see the Supplemental Material [37]). We therefore take
y as the surface tension of the lenses with respect to the
surrounding air. The effect of gravity is expected to be
negligible because the bridge is initially much smaller
than the capillary length A. = +/7/(Apg) = O(1) mm,
and therefore we exclude it from the analysis. Encouraged
by the experiments, we search for similarity solutions of the
form

Ox

h(x,t) =kt“H (&), u(x,t):%]{tﬂl/l(f), (::W, (3)

where ‘H and U/ are the similarity functions for the bridge
profile and flow velocity. The choice of ¢ ensures that
h(x, ) ~ 0x is far away from the bridge, in order to match
a static solution with a contact angle 6.

We first examine the viscous regime, by setting p = 0 in
(1), (2). Inserting (3) then readily leadstoa =1 and f =0
and explains the linear growth observed in the experiment.
The parameter k = k, = dh/dt thus provides the dimen-

sional bridge velocity and will be computed below.
Equations (1) and (2) further reduce to

H—EH + (HU) =0, (4)
HH" + K,(UH) =0, (5)

providing a fourth order system of ordinary differential
equations, that contains a parameter

_ 4nk,
v 7/92 ’

(6)

representing the dimensionless bridge velocity. Hence, the
selection of a unique solution requires five boundary
conditions. We consider symmetric solutions and normalize
the bridge height to unity at £ = 0, so that

H(O)=0 and U(0)=0. (7)

At large scale, this solution should match an initially
static drop. This implies that the leading order asymptotics
for large & of H, U must correspond to time-independent /,
u. For the bridge profile, this implies H'(c0) — 1, where
we have also used the matching to the contact angle 6. The
velocity to leading order is U ~ Clog & as £ — oo; recalling
that £ ~ x/t, a static drop at = 0 corresponds to C = 0,
which provides the fifth boundary condition. The resulting
boundary value problem is solved numerically by a
shooting method, resulting in K, = 2.210.

We find excellent agreement between the experimental
data and the similarity solution. The solid line in Fig. 2(a)
corresponds to the velocity prediction (6) without any
adjustable parameters. It is of interest to compare this result
to the merging of drops on a solid substrate: owing to the
no-slip boundary condition on a solid, coalescence is much
slower on solid substrates with coalescence velocity ~@"*
[14] instead of ~6 observed for lenses. As an example,
lens coalescence is approximately five times faster than
coalescence on a solid substrate for the parameters of the
experiment shown in Fig. 2(a). In Fig. 2(b), we compare the
rescaled bridge profiles to H(&), shown as the solid line,
and also find quantitative agreement. Figure 2(c) shows the
self-similar velocity U/(&). Since the velocity inside the drop
cannot be extracted from our experiments, we numerically
solve the time-dependent equations (1) and (2) with p =0
using a finite element method (implemented using the
library OOMPH-LIB [38]) and compare the result to the
similarity solution. Details of the numerical method are
found in the Supplemental Material [37]. The numerical
data in Fig. 2(c) indeed collapse and converge to the
predicted similarity profile as iy/R — O.

The same scheme is followed for the regime where
inertia dominates over viscosity, with the results outlined in
Fig. 3. Once again, we insert (3), with k = k;, in (1) and (2)
but now in the inviscid limit (7 = 0). The exponents can
then be computed as @ =2/3, f = —1/3, in agreement
with the experiment. The momentum balance (2) now gives

UU — U — Zﬂ/[/ _ Ki—lHI// =0, (8)
with a dimensionless constant

_ 20K

K, = .
9y
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Coalescence in the inertial regime. (a) Height of the bridge /, as a function of time after contact # (dodecane lenses, 6 = 29°,

n = 1.36 mPa - s, initial height ~0.5 mm). The solid line is the prediction from (9). The horizontal dashed line indicates the resolution
limit. (b) Rescaled experimental profiles at different times, H = h(x, t)/ho(t) versus & = x0/hy(t). The collapse of the profiles indicates
self-similar dynamics. The solid line is the similarity solution obtained from (4), (8). (c) Rescaled velocity profile. The solid line is the
similarity solution. The colored lines are numerical simulations for different values of &,/R.

Mass conservation is unchanged as compared to (4), so that
we again require five boundary conditions to close the
problem. As in the viscous case, four conditions follow
from (7) and H'(c0) — 1. The fifth boundary condition
again comes from the large-£ asymptotics—one finds U ~
CEY/? as & — oo [39]. This gives u ~ Cx~'/2 which for a
static outer drop at t =0 implies C = 0. Numerically
solving the boundary value problem then gives K; = 0.106.

In Fig. 3(a), we compare (9) to experimental data of the
lowest viscosity and find excellent agreement, without
adjustable parameters. The spatial structure of the bridge
also follows the predicted collapse, shown in Fig. 3(b), and
agrees with the computed form (&) (solid line). The
dimensionless velocity U/(€) is again compared to numeri-
cal simulations of (1) and (2) with 7 ~ 0, confirming the
validity of the analysis. Interestingly, the velocity exhibits
oscillations [Fig. 3(c)] due to coalescence-induced inertio-
capillary waves [15,40]. These oscillations can indeed be
predicted from the (higher order) asymptotics of the
similarity equations [39]. However, because of the small
amplitude of the waves in the similarity function H, these
oscillations are difficult to observe in the experiments. Let
us remark that we cannot directly compare these results to
the inertial coalescence on solid substrates, since the
equivalent lubrication theory is not available owing to
the no-slip condition.

Crossover.—Several coalescence events in Fig. 1(b) do
not fit perfectly in either the viscous or in the inertial
regime. As a final step, we therefore describe the crossover
between these regimes and collapse the entire set of
experimental data. An estimate of the crossover height
h. and crossover time #. can be obtained by setting

h, =k,t, = k,-tg/ 3, from which we find

KK pr

K 288K, o

kK prte*

(10)

Note that these are proportional to the intrinsic viscous
scales 1, =n*/(py) and t, =n*/(py?) [32], known for
drop pinch-off, but with prefactors coming from the
similarity analysis. Contrarily to pinch-off, however, we
remark that the ultimate early time coalescence is purely
viscous [41].

Figure 4 shows coalescence events for different viscos-
ities (varied over 5 orders of magnitude), made dimension-
less according to the crossover scales (10). It is clear that
the proposed scaling indeed collapses the data onto a single
master curve, transitioning from the viscous to the inertial
regime. Note that Fig. 4 also contains a dataset with larger
lens size, confirming that the lens size does not matter.
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FIG. 4. Crossover between the viscous and inertial regimes,
shown by a collapse of all experimental data on a master curve.
Dashed line: viscous theory. Dotted-dashed line: inertial theory.
Solid line: interpolation based on (11). The lime-colored data
points are with larger lens size (R~ 4.1 mm, compared to
R ~ 2.5 mm for all other data, showing that the dynamics do
not depend on the drop size).
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In the spirit of the work on spherical drops [10,30] and drop
impact [42], we propose an empirical formula based on a
Padé approximant which describes the two asymptotic
regimes as well as the crossover region,

1 1 -1
o/ he = <r/rc+ <r/tc>2/3) ‘ (1

We stress that, unlike the spherical drop case, the present
interpolation (11) contains no free parameters since /. and
t. derived in (10) follow from the similarity solutions. The
interpolation is superimposed as the solid line in Fig. 4,
providing an accurate description for all experiments.
Conclusion.—Our results show that the coalescence of
liquid lenses is accurately described by self-similar sol-
utions to the thin-sheet equations. We have identified the
crossover between the viscous regime and the inertial
regime both experimentally and analytically. These coa-
lescence dynamics are naturally very different from axi-
symmetric, spherical drops, though previous top-view
experiments on liquid lenses did observe axisymmetric-
like dynamics [16]—the relation between horizontal and
vertical growth remains to be understood. Importantly, the
effect of the subphase viscosity is not included in our model
—and apparently it plays a subdominant role for the
coalescence [43]. Future work should be dedicated to more
extreme cases, such as those where the viscosity of the
subphase is much larger or where the layer thickness
becomes small. This would be along the lines followed
for the coalescence of circular nematic films [17], where the
influence of dissipation in the viscous subphase was
systematically investigated. The present results provide a
framework for such explorations, in particular the quanti-
tative success of the thin-sheet equations, which will be of
key interest to applications involving prewetted substrates.
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